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SENIOR MATHEMATICS COMPETITION 2009

1. For areal number x, let | x | denote the greatest integer less than or equal to x.

Eg |36 =3, |-41]=-5 [12]=12 etc
Evaluate[«HJ+[ﬁJ+leJ+... + l«mj [5]

2. The sum of the first six terms of a geometric sequence is 12, and the sum of the reciprocals of
these six terms is 20.

Find the product of these six terms. [5]

3. A circle with centre (1, 1) has a radius of 1 unit.

If a point inside the circle is chosen at random, what is the probability that the y coordinate

is more than twice the x coordinate? [5]
4. p L : C ABCD is a rectangle.
c AEF is a triangle with lengths DE = a, EC = b,
F CF=c,and FB=d.
A ‘ Triangles ADE, ECF and FBA all have equal areas.

) b
(1) Show that P
and

(ii) find the ratio 2 [4]
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5. How many right-angled triangles, with all sides an integer length in cm, have the shortest side

of length 2009 cm? [4]

6. A 6 by 6 square lattice is formed by drilling holes in a wooden board.

Three pegs are placed at random in this lattice.
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600 0 Find the probability that the three randomly chosen points of

A a 6 by 6 lattice will form a triangle.

[5]
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7. (i) Givena’ > b, where a, b are natural numbers, prove that the necessary and sufficient condition for

Jﬂ+\g +Ja—£

to be a natural number is that there exists a natural number n such that
n‘<a <2n’and b=4n’(a-n’)

(i1) Find all values of natural numbers b such that

J30+: +430- B

is a natural number. [7]

8. Find all non negative integers x, y, and z such that

27=2x4*

xt+ty+z=16 [5]



9. A, B and C are three points on a circle, symmetrically placed
about the diameter BD.

The shaded area ABCD is 50% of the total area.

What is the size of the angle ABC?

[5]
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10. A function is defined recursively by ¢,,, = s ; that is, each new term is the mean
of the two previous two terms.
For example, when ¢, = I and ¢, = 7, we generate the following sequence
1, 7,4, 55 475 5125, ...
Find the limit of the sequence for different starting values of ¢, and ¢, .

[5]



